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Abstract

In this paper, we investigate the logarithmic growth of entire matrix functions of growth order zero. We
show that the logarithmic order and the logarithmic type of entire functions in several complex matrix
variables (FSCMVs) in hyperspherical regions. Examples are given to support the usability of our results.
Finally, a result concerning linear substitution of the logarithmic growth of FSCMVs is given.
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1|Introduction and Preliminaries

Complex function theory focuses on analyzing the asymptotic growth behavior of complete functions in single
and multiple complex variables. It covers a wide range of subjects related to the behavior of functions in one
or several variables, including their relative growth. Distinctions such as growth order, type, maximal term,
and central exponent can be used to compare the growth of these functions. Recent advances in this area have
occurred in recent decades. For instance, consider [1, 2, 3, 4]. Further, several authors (see,e.g., [5, 6, 7, 8]) have
explored generalizations to higher dimensions for the order and type of functions of multiple complex variables.

Moreover, Clifford analysis is used to generalize complex function theory to higher dimensions. This has led to
research into the growth of whole monogenic functions (see [9, 10, 11]).

Recently, there has been a strong push to investigate matrix function theory. For in-depth applications of matrix
function theory, see [12, 13]. Various problems affecting functions in several complex matrix variables have been
approached from different perspectives in recent years, and several important conclusions have been obtained
[14, 15]. In this regard, Kishka et al. [16] discovered the order and type of whole functions of two complex
matrices in complete Reinhardt domains.

Later, Abul-Ez et al. [17] developed the concept of order and type of complete functions of numerous complex
matrices in hyperspherical regions. For more information, check [17].

In this work, we introduce and study the logarithmic order and logarithmic type for entire functions of several
complex matrices in hyperspherical regions and obtain their coefficient characterizations.

For classifying integral functions by their growth, the definition of order was introduced. If the order is a
(finite) positive number, then the definition of type allows subclassification. For the classes of order p = 0 no
subclassification is possible. For example, all integral functions that grow at least as fast as e™* have to be kept
in one class. For this reason Iyer [18] introduced the concept of logarithmic order. Thus an entire function f(z)
of order zero, is said to be of logarithmic order p* if

Inln M
= limsup P0M()

1<p" < o0,
00 Inlnr

)

where

M(r) = M(r, f) = max | f(z)|

|z|=r
is the maximum modulus of f(z) in the closed disk |z| < r. Analogously, lower logarithmic order A is defined as

\ = lim inf Inln M(r)

, 1< A< pf <o
r—00 Inlnr

For 1 < p* < oo the logarithmic type T and lower logarithmic type ¢ are defined respectively it follows that

In M
T:limsupni(i), 0<T <
rooc  (In7)P
and
In M
¢ = timinf 2M0) o <o
r—oo  (Inr)A

Many articles involving logarithmic order, lower logarithmic order, logarithmic type, lower logarithmic type and
the coefficient of Taylor series in one complex variable are obtained (cf. [5, 19, 20]).

Moreover, Metwally in [21] extended the following definitions of logarithmic order and logarithmic type of
functions of single complex variable given by Iyer [18] and Rahman [5] to functions of two complex variables.

L(p*) = limsup Inln M(r)

00 Inlnr

1< L) < o
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and

) In M (r)
L(T) = hglilip () e’ 0<L(T) < oo,

where

M(r) = r%ax | f (215 22) .

r

He gave two results about the equivalent of the two theorems in Iyer [18] and Rahman [5] of each of the
logarithmic order and logarithmic type of the functions of two complex variables f(z1;22) in the following forms

Theorem 1. A necessary and sufficient condition that the entire matriz function f(z1;22) = Z;On A n 27" 23
to be of logarithmic order L(p*) is that

L(p*) =limsup Inln M(r)

00 Inlnr

=1+ limsup In(m + n) (1)

mHLHOOln{ln( )min}

Theorem 2. If the entire matriz function f(z1;22) is of finite logarithmic order L(p*), (1 < L(p*) < o0). Then
the necessary and sufficient condition to be of logarithmic type L(7) is that

L In M(r)
L(T) = hinjgp [COEGE]

! )ﬁ(p*) (L(p*) — 1)£(p*)71 lim sup (m +n) (2)

:(ﬁ(p*) m-Fn—00 {m( o )min }L(p*)—l'

Om,n

myn

Umn

Let C represent the field of complex numbers and z = (21, 22, ..., 2,) be an element of C™ the space of several
complex numbers. An open spherical region of radius r; r > 0 is here denoted by S, and its closure by S,.. In
terms of the introduced notations, these region satisfy the inequalities (see, [16, 17])

zcCF: |z <7},
zcCF:|z| <7}

Sr:{
S —{ ¥

Suppose that X = X; = [zs]; s = 1,2,...,n are commutative matrices in the complex space CN*N of
complex matrices of common order N, where x;;; 4,7 = 1,2,..., N are complex numbers, then the function
F(X) = [fssijli<i,j<n of several complex matrices is given by the following power series (cf. [17])

FX)= Y tnimgn, XJXPX
(n1,m2,...,nk)=0 (4)

= Z an X" = Z anZ.
n=0 n=0
Since Z = X" and Z € M y(C), thus we write
Zoqj = F_) X = X[ X732 X0, (5)

Hence

fS;ij = Zanzs;ij; s = 1a27"'7k7 Z7.] = 1727 7N (6)
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Thus, we can say that the function F(X) will be convergent if the elements fs;; given in (4) are convergent se-
ries for all 4, 5 = 1, 2, ..., N. Consider the domain which is a subset of the space determined by the following
inequalities

(X[ <[[Rt] = |Xs| <|[REslls |t =1, s=1,2,...k, (7)

where the symbol |X| denotes the matrices (|zs,;;|) whose elements are the modulii of the elements z,.;; of the
matrices X, and the symbol ||a|| denotes a matrix each of its elements is equal to the positive number a.

Suppose that
oo
FX) =Y anX®
n=0

given above represent an entire function of several square complex matrices with Taylor expansion. See, [17]
defined the maximum modulus of F(X) and Cauchy’s inequality follows that

M[F;Sg] = max max | F(X)], (8)
i.J  Sg
NMI[F;S,]
< -t 7 4
an] < s (9)

where C n J= nj 4+ no + ... + ng. Since, the radius of regularity for the function of several complex matrices
F(X) is infinity, i.e.,
lim sup {NE“j|a—n|}Dlﬂ =0. (10)
CnJ—oo On

Definition 1. (cf., [17]) Let F(X) be an entire function of several complex matrices. Then the order of growth
of the maximum modulus of an entire function of several complex matrices is defined by

Inln | M[F;S,
p:hmsupw_ (11)
r—00 Inr
The inferior order of growth is defined by
Inln||M[F;S,
§ = lim inf M (12)
7—00 Inr

Definition 2. (see, [17]) For any entire function of several complex matrices F(X) of order p (0 < p < 00) the
growth type 7 is defined as
In ||M[F;S,
7 = lim sup M (13)

r—00 rP

For the entire function of several complex matrices F(X) given by a power matrix series in (4), [17] obtained
the coefficient characterizations of p and 7.

2|Logarithmic order of FSCMVs

Let F(X) be an entire function of several complex matrix variables of common order N and its growth order
p(F) = 0 with Taylor expansion

F(X) =) anX" (14)
n=0
and the maximum modulus
M[F;Sg] = max max F(X)]. (15)

b Xl <[r | [ Xkl <[[r tx ]

We shall prove the following lemma
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Lemma 1.

then

If
1 .S
lim Supw <, (16)
o0 Inlnr
1
1+ limsup n(cn o)

SN—

- <. (17)
CnJ—o0 A =
In { In ( = }

Proof: If v = oo then there is nothing to prove. therefore, at v, >« then for a suitable number r¢, (16)yields

|M[F;S,]|| < e s .

From which and Cauchy’s inequality in (9), we have

In )71
( |an| )ﬁ < min exp(“ERE)
N on T r>rg Nr

_exp (%(E%j)’n/“yrl)

N exp ((E:1)1/71_1)

1

Remark 1. The previous minimum calculation

Inr)"1
ol
Nr
(Inr)m
1 = — In(Nr
ng Cnd ( )
g m (Inr)n=t 1
g Cn3 T r’

we get the minimum value of function when g’ = 0, then

Thus

. m (Inr)n=t 1
_IZ n r

T
Inr :(E nj)nlfl
7
Cn] 1
r:exp(( )71*1).
71

In (&)ﬁ o ( Nexp ((E23)/n-1) )
[

|an exp (%(%)’n/w—l)
zlnN—F(I:n:l)’Yllfl _i( n:')'vllfl
! 1M
1
:(Ian)ﬂli1 [1_74_( " = lnN]
71 Y1 Cn3
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Therefore, we have

1
1+ limsup n(cn ) -
Cn]—oo Tng
()™
(18)
-1l
< 1+ limsup (n )In(cn ) 0 < 7.
Cnd—ooIn(Cn ) —Iny + (71 —1)In [1 - % +(zhg)7 T 1nN}
Since 1 can be chosen arbitrarily close to v, we thus obtain the result (17) and the Lemma 1 is proved. O
One the other hand, we prove the following Lemma:
Lemma 2. Suppose that
1
1+ limsup n(En) - <7. (19)
Cnd—00 ™
nJ— ln{ln(]ra:TL)E j}
Then
Inln | M[F; S,
Jim sup R IMLF5 Sl (20)
r—00 Inlnr

Proof: Also, if v = oo then there is nothing to prove. Thus if v < 0o, choose any finite number v; > v — 1, in
view of (19) there exists an integer p such that

In(C n 3O)

- <,
Non CnJ
ln{ln ( lan] }

N On CnJJ 1
Inln > —InCn3J
|anl 71

N op\ =55 a1
( ‘ U| )E - > exp(C nj);l (22)
an

(21)

that is

.

|ax | ) L+1
— ) < —CnI)”
(o) <ew(-cno)

['hus
M|F;S,] ||[< max max g anX™
| M| 1< i l e l

1

IA
=

> (el (29

(Nr)E*Jexp(— Cn :I)%H.

NE

<

n=0

Inserting (22) in (23) it follows that

| M[F;S,] ||sc1+z<exp(( N W)) )

ol Cn3
Nr v
<C +§(u+1)((m((WII)) ,

where C1 =3, (NT)EHH%. Now, there is a number rg > 1 such that
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(I4+Inr)" > pu, forr > ro.
Then the integer € can be fixed such that
p<e<(l+Inrm <e+1; r>r. (24)

We consider the following sums

€

NtV e S e (— )

o0

N v
<(Nr)® Z(Z/+ 1)(%) (25)
v=0 exp ((M) m )
< (NP (1= exp (=) 77) 72 < G (Np) A0,
and
= Nr v > y _9
3 (y+1>(ﬁ) < 3 wHyfe=(1-1/e) % <, (26)
v=e+1 exp ((V> 1 ) v=e+1
where Cy and Cs are a finite constants. Therefore, from (22), (25) and (26), we have
| M[F;S,] ||< Cy + C3 + Cy (Ny)(HIRD™
Ci+C (27)
(1+Inr)7t 1 3
< (NT) (CQ + (NT)(l‘HnT')’Yl )
Making r tends to infinity, we infer that
Inln ||M[F;S,
Jim sup PV S 7+ L (28)
r—00 Inlnr
Since 71 is arbitrarily chosen then inequality (20) follows. O

Combining Lemmas 1 and 2, we obtain the generalization of Theorem 1 due to Metwally (cf. [21]) concerning
the logarithmic order of the entire matrix function F(X).

Theorem 3. A necessary and sufficient condition that the entire matriz function F(X) =2 jan X" to be of
logarithmic order L(p) is that

In(C n3)

L(p) =1+ limsup — -
Cnd— Trn
n, w]ﬂ{]ﬂ(%gr)tj}

Remark 2. The procedure adopted here in Lammas 1 and 2 is similar to that followed in two complex variable
case (cf. [21])

(29)

3|Logarithmic order of FSCMVs

Now, we introduce another result concerning the logarithmic type of the entire matrix function F(X), this result
is formulated in the following:

Lemma 3. If

o MM FE S

r—00 (ln T)E(p) - " (30)
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then ( )
£0) (L(p) — 1)~ limsu cnd < 7, 31
(2t (€)= O timsup =T < (3)
i (f22)
Proof: Let 1 be any finite number greater than , then from (30) there is a number rg such that
|M[F;S,]|| < exp(yi(Inr) =@y, 7> rq. (32)
Using Cauchy’s inequality we find that
1 (In r)c(p)
( |an| ) Ens < min exp( g )
N on r>T0 Nr
exp (Eanj (7[:[(;1)31 )(C(p)/ﬁ(p)—1)>
Nexp ((733) )1/&@)—1)
Remark 3. The previous minimum calculation
In r)£(P) 1
, _exp(izpetn)
Nr
In )£
Inh :(117')7,}/1 —In(N7r)
Cn1l
h/ 71 L _ ]. ].
S 1 (-1 - _ =
W =g Lle)nr) i
we get the minimum value of function when A’ = 0, then
_.n cpy-1 L1
0= L(p)( pImt = — —
Cn3 (p)( nr) T r
CnJdvycp)-1
r =exp ( .
(’71/3(0)) )
Hence, we have
(CnD) L(p) (o)1
élrlgilg YO <mn E(P)(W) : (33)
ln (M) Cn3
|an|
Since 1 can be taken close enough to v, then
1
()50 (£(p) = DEO mmsnp — =B, (31)
ﬂ(p) CnJ—oo 1 L(p)-1
In (M) o
‘an‘
and the Lemma 3 is proved. O

Also, we establish the following
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Lemma 4. Suppose that

(=) (£(p) = 150 Limsup —— =)

< )
£(p) Cnoieae PO
In (N‘T")
|an‘

then

s P2 )

r—00 (ln T)[’(p) - ’ (36)

Proof: If ~ is finite choose the finite number v; > v and p > 1, then from (35) we see that

thus,

From which we have

1 — n
||M]~"S Nz Enj|a|

<A+ Y e <— (Cn :)(‘:(gzp; 8! (iz(pj))l/ww—l)) (Nr)En3

Choose the number ry > 1 and fixed the integer € such that
M L(p)(1+Inr) 01 > g1,
and

L<et1; r>rg. (39)
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By which and relation (38), we get

7L£(p)

| MIF;S,] < Av+ > (v+ 1){
v=p+1 exp (ﬁ(p) -1

(’Ylﬁ(P)

v/£(p)
)1/<z:<p>1>> }

o0 L)

+ Z (V+1){
et ex (£00) - 1

v/L(p)
)1/(5@)1)) } (40)

11L(p)

‘ L(p)—1 > (l/ + 1)
Y1 (Inr)=tP)—
<A Y wens Py
v=p—+1 v=e+1
1 £(p)—1
A —_ 1) y7t (In7) )
< 1+(1_1/e)72+6(e+)r
Therefore, we obtain
: In||M[F;S,]|
Keeping in mind that v; is arbitrarily chosen we infer that the relation (36). (I

Combining these two Lemmas, we obtain the coefficient characterization, for logarithmic type, for entire functions
of several complex matrices.

Therefore, the following theorem provides us with a generalization of the theorem of Metwally on the relation

between the type and the Taylor coefficients (cf. [21]) to the matrix analysis setting.

Theorem 4. If the entire matriz function F(X) is of finite logarithmic order L(p), (1 < p < 00). Then the
necessary and sufficient condition to be of logarithmic type L(T) is that

(C n2O)
L ) Llp)—1°
1 On Cn3d
i (o) 7}

Now, we will give some examples for Theorem 3 and Theorem 4.

£() = (75" (£(p) = O limsup

Cn—o0

(42)

Example 1. According to [17] the growth order of the matriz function

)Enj2

]:(X)i<|:711,j

s zero,

CnJdn(C n3) On

= NEnJ

p = limsup
Cn]—oo —In

; Kn

an

Ky

CnJn(C n3)

= lim sup
CnJ—o0 ( 1 )E”jz
Cn
—In|~—"F—
Cniln(Cn3
= lim sup ( ) =0.

CraseMop+Cn I InCnI—Cnd lnN

Therefore, applying Theorem 8 and Theorem 4 lead immediately to
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1
L(p) =1+ limsup n(En )

CnJ—o0 %
- ln{ln(Na:|n>Ej}

) In(C n 0)
=1+ limsup N o) =2
and
_ Cn3)
L(7) =(——)*?) (L(p) — 1)~ limsu (
(7) =505 (£p) = D" msup wros
ln (lan‘aﬁ)
1
=(=)? limsup (En2) 0.

2" cpa—eo (CmO)In(C nj)—&-c—iﬂ lnan—lnN:

Thus, the given matriz function is of logarithmic order L(p) = 2 and logarithmic type L(T) = 0.

Example 2. Let
k o
F(X):= edes (0 X0) 1 s=1,2,..,k, a>0,
be an entire function of the several square complex matrices X = (X1, Xs, ..., X) of which are of common order
N in S,.; bs are positive numbers, then the growth order p = 0 according to [15]. Since

M[F; §,] = ko)
applying the relations (15) and (27), we get

£(p) = limsup Inln | M[F; S]] — o
oo Inlnr
In|M[F; S, ]|

L(7) = limsup =k.

rooo (Inr)Ee)

4|Linear substitution for FSCMVs

Let F*(X) = F(X+A) be an entire matrix function of logarithmic order £(p) and logarithmic type £(7), where
A =asis]; s=1,2,..,k; 4,7 =1,2,..., N are any constant numbers. It is required in this section to establish
L(p*) and L(7*) as follows:

If X = ([zsi5]); s =1,2,..., k are several complex matrices situated in the neighbourhood of the origin by (15),
then
k
Z(|1‘S;ij + as;ij\)s < |Sl‘lp (Tk +2r(ty +ta+ ... + tk) + ...+ k‘@k)
t]=1

=(r+Vk 0)F = R, 0 = sup(|arijl, lazijl, .-, lasij)-

2,9

s=1

So that the matrices X+ A are situated in the neighbourhood of the origin given by
IX+A| < |Rt|; |t|=1, R=r+ k6. (43)
Thus

M[F*;S,] < M[F;S,]. (44)
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Now, suppose that € > 0 is any number, then there is a positive number r; such that, applying Theorem 3 and
(44) one gets

M[F*;S,] < M[F;S,] < e B for B> . (45)
That is
* . Inln M[F*;S,
'C(p ) = lim SUPy 00 #

et VEOC) _ g

< limsup,_, P

On the other hand, if F*(X) = F(X-A), then L(p) < L(p*) and thus L(p) = L(p*).
Therefore, the type 7*, it follows from (42) that
In M[F*;S,]

rL(p*)

e(r + vk t‘))ﬁ(p)

'r['(P)

L(7*) =limsup
<lim sup

T—00

= €.

Since € can be chosen arbitrarily as near to £(7) as we please, we infer that £(7*) < L(7). In the usual way, we
infer that £(7*) > L£(7) and hence L£(7*) = L(7). Thus, the following theorem is thus determined

Theorem 5. The entire matriz function F*(X) is of the same logarithmic order and logarithmic type as the
matriz function F(X).
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